Mazharimousavi and Halilsoy [1] recently proposed wormhole solutions in f (R)-gravity that satisfy energy conditions but are unstable. We show here that stability could still be achieved for thinshell wormholes obtained by gluing the wormholes in f (R)-gravity with the exterior Schwarzschild vacuum. Using the new geometrical constraints from thin-shell "mass" and from external "force" developed by Garcia, Lobo and Visser, we demarcate and analyze the stability regions.
Thermodynamics of analog black holes have been studied [19, [28] [29] [30] [31] . In [28] , using the Hawking temperature and entropy, the exact expression for heat capacity and the first law of thermodynamics have been found by using the Misner-Sharp formalism [19] . Similar thermodynamics dealing with analog Reissner-Nordström black hole also exists [29] . Another novel method of studying thermodynamics and phase transitions of analog black holes is to use geometrothermodynamical methods [30] . Yokokura [31] generalized the space-time thermodynamics and then from the equation for entropy balance for nonequilibrium processes found the new entropy production terms in f (R)-gravity.
Wormhole solutions including the thin-shell variants have also been obtained in f (R)-gravity [1, 32] . Evolving wormholes have been recently found by Bhattacharya and Chakraborty [33] . Wormholes in the Palatini formulation of f (R) gravity have been studied in [34] . Necessary conditions for having wormholes in f (R)-gravity have been obtained in [35] . Some thin-shell wormholes and their stabilities have been studied in [36] [37] [38] . The focus in this paper is on the two traversable analytical wormhole solutions recently found by Mazharimousavi and Halilsoy (MH) [1] . These wormholes are however unstable since, as generically argued in [39] , there cannot be ghost-free, stable wormholes in f (R)-gravity. This being the case, it would be of interest to study the possibility of stability of thinshell wormholes obtained by gluing the exterior Schwarzschild vacuum with MH wormholes of f (R)-gravity 2 . In this Letter, our purpose is to use the new constraints developed by Garcia, Lobo and Visser (GLV) [40] for identifying the stability regions of the linearly perturbed spherical motion of the thin-shell moving in the bulk spacetime. For this purpose, we obtain the thin-shell by gluing the relevant solutions at some suitable "standard" coordinate radius. In other words, the asymptotic masses on one side will be the mass of the wormhole in f (R)-gravity and on the other side the Schwarzschild mass. Henceforth, we take G = 1, c = 1 unless specifically restored.
II. GLV FORMALISM FOR STABILITY
This formalism being relatively new, for the benefit of readers, we explain below in slightly more detail the GLV formalism [40] for stability of the thin-shell and the attendent new concepts. The formalism is quite generic, flexible and robust that can be applied to general spherically symmetric spacetimes in 4-dimensions. The idea is to surgically graft together two bulk spacetimes in such a way that no event horizon is formed. This surgery generates a thin shell (the wormhole throat, where all the exotic matter is concentrated) between the two bulk spacetimes on either side of the throat. The thin shell will be free to move in the bulk spacetimes allowing a fully dynamic stability analysis against spherically symmetric perturbations. The stability will then be dictated by the properties of the exotic matter residing on the wormhole throat. The novelty of the formalism is that, apart from a "mass" constraint from the mass of the shell, it introduces an entirely new hitherto unknown geometrical constraint of external "force". The motion of the shell is driven by a "potential" V (a) appearing in the equation of motion 1 2ȧ 2 + V (a) = 0 and the stability under small oscillation about a static solution a = a 0 (initial gluing radius) will be given by the condition V ′′ (a 0 ) ≥ 0. This is, in short, the strategy of GLV formalism.
We note that GLV method is developed within Einstein's GR having second order equations, wheras f (R)-gravity equations are of fourth order. To justify the use of GLV method gluing the two solutions from two different theories, we recall the conformal equivalence of f (R)-gravity with GR minimally coupled to a scalar field with a potential. Mathematically, the conformal transformation converts the fourth-order f (R) equations into two second-order equations, one for the Einstein frame metric and the other for a scalar field ϕ. The needed junction condition on extrinsic curvature in the Einstein frame is the same as in GR [41] .
Omitting lengthy details, we shall try to reproduce the salient features of GLV formalism as cogently as possible, especially the steps leading to the usable stability constraints. The method starts with gluing together two spherically symmetric spacetimes by "cut and paste" surgery developed by Visser [42] . GLV take two generic spherically symmetric spacetimes M ± possessing the metrics in each as
where Ω = dθ 2 + sin 2 θdφ 2 . A single manifold M is obtained by gluing the two manifolds M + and M − at Σ, i.e., at f (r, τ ) = r − a(τ ) = 0. That is, the points r < a(τ ) are excised out of M and the intrinsic metric on Σ is assumed to have a form
The position of the junction surface is given by
, and the non-trivial extrinsic curvature components on both sides of the shell are given by
where the prime now denotes a derivative with respect to the coordinate a and overdot denotes derivative with respect to τ . Note that K ij is not continuous across Σ, so one defines
that satisfy Lanczos equations on the shell as
where S i j is the surface stress-energy tensor on Σ defined by S i j = diag(−σ, P, P), σ is the surface energy density and P is the surface pressure
The surface stress S i j satisfies a conservation identity via Lanczos and Gauss-Codazzi equation as
where n ν is the unite normal to Σ and e µ (j) are the orthonormal basis vectors such that
the conservation identity (8) can be written as
2 is the surface area of the shell. The first term represents change in the internal energy of the shell, while the second term represents the work done by the shell's internal force, and the third term represents the work done by the external forces (genesis of the "force" constraint). Assuming the existence of a suitable function σ(a), the conservation identity can be rewritten as
where σ ′ = dσ/da. The right hand side is the net discontinuity of the bulk momentum flux and is physically interpreted as the work done by external "forces" on the thin shell occurring due to Φ ′ ± = 0. We can rearrange Eq.(6) into the form
which yields the thin-shell equation of motion given by
where the potential V (a) is given by
The potential V (a) is seen as a function of the thin-shell mass m s (a) = 4πa 2 σ(a) and is the key for stability analysis. It follows from Eq. (14) that
the negative sign is required for compatibility with the Lanczos equations (5). Assume a static solution (at a 0 ) to the equation of motion 1 2ȧ
2 + V (a) = 0, then a Taylor expansion of V (a) around a 0 to second order yields
But since we are expanding around a static solution,ȧ 0 =ä 0 = 0, we automatically have V (a 0 ) = V ′ (a 0 ) = 0, so it is sufficient to consider
The static solution at a 0 is stable if and only if V ′′ (a 0 ) ≥ 0. Since V (a 0 ) = 0, it follows from Eq. (15) that
Linearized stability using the condition V ′′ (a 0 ) ≥ 0 leads to an inequality on m ′′ s (a)| a0 , that is called the "mass" constraint given by
Assuming integrability of Eq. (11), lengthy calculations yield the parametric solution: σ ≡ σ(a), P ≡ P(a) and Ξ ≡ Ξ(a). The same linearized stability analysis with V ′′ (a 0 ) ≥ 0 also yields inequalities on σ ′ , σ ′′ , P ′ ,P ′′ , Ξ ′ , Ξ ′′ but the last one is the most relevant. When Φ ± = 0, there will appear an additional constraint analogous to the one on m ′′ s (a)| a0 , called the "force" constraint given by
The same force constraint appears for Φ ′ ± (a 0 ) ≤ 0 as well but with only the sign in the inequality reversed. The three inequalities, (19) , (20) and the reversed one, are the GLV master inequalities for deciding stability zones of thin-shell motion.
III. STABILITY OF THIN-SHELL FROM SCHWARZSCHILD BLACK HOLE-f (R) WORMHOLE GLUING
(a) Schwarzschild black hole-MH1 wormhole We glue at a common radius a 0 above the Schwarzschild horizon r hor = 2M and wormhole throat r 0 , i.e., at a certain radius r = a 0 > 2M, r 0 . The interior regions r ≤ 2M , r 0 are surgically excised out of the respective spacetimes because we don't want the presence of any horizon in the resultant wormhole. Thus linear spherical perturbations will be assumed to take place about the radius a 0 . Casting the Schwarzschild metric into the GLV form of Eq.(1), one obtains
and similarly casting the first metric of MH1 wormhole [1] of f (R)-gravity, viz.,
in the form of GLV metric, we get
The redshift function Φ − (r), now denoted without subscript simply as Φ(r), happens to be a logarithmic function showing divergence at r = r 0 but from the physical standpoint this does not pose any problem since we already made the choice that the accessible region has r > r 0 -the throat radius of the wormhole.
Stability zone of thin shell depends on the sign of Φ ′ (a 0 ), which for the MH1 solution is given by
There occurs two cases. Case 1: r = a 0 ∈ (r 0 , 2r 0 ], for which we get Φ ′ (a 0 ) ≤ 0 and Case 2: r = a 0 ∈ [2r 0 , ∞), for which we get Φ ′ (a 0 ) ≥ 0. In either case, there will occur the effect of external "force" influencing the thin shell motion. Introducing the above functions in the inequalities (19, 20) , and defining the dimensionless variables
we find, respectively
It can be noticed from Eq.(26) that for f (x, y) to be real, two conditions must be fulfilled: one is x < 1 2 , which implies a 0 > 2M as required, and the other is y < 1 x or a 0 > r 0 . The latter condition guarantees the reality of also g 1 (x, y). Note further that y = r0 M has no upper bound but has a lower bound 2 such that the wormhole throat satisfies r 0 > 2M as required. The above Cases then split the xy plane into two areas: In Case 1, x ∈ ( ) and y ∈ (2, ∞). The shaded region represents the zone of stability of the thin-shell exclusively under "mass constraint". ), y ∈ (4, ∞). In either case, the exclusive "force" constraint indicates that the shaded region is the stable zone.
The second wormhole MH2, cast in the GLV form, is
Like in (a), stability zone of the thin-shell depends on the sign of Φ ′ (a 0 ), which for the MH2 solution is given by There again occurs two cases. Case 1: r = a 0 ∈ (r 0 , r 0 , ∞), for which we get Φ ′ (a 0 ) ≥ 0. In either case, there will occur the effect of external "force" influencing the thin shell motion. These Cases, like in (a), will split the xy plane into two areas: In Case 1, x ∈ (
and in Case 2, x ∈ (0,
), y ∈ ( √ 6, ∞). In the contour plots to be given below, the two cases are combined such that x ∈ (0, 1 2 ), y ∈ (2, ∞). Introducing the above metric functions in the inequalities (19, 20) , we find
It can be seen that f (x, y) in both (a) and (b) is the same, so exactly the same mass constraint applies to both. However, the functions g 1 (x, y) and g 2 (x, y) differ so that the force constraints different. As a result, the combined effect of two constraints would also differ leading to different zones of stability. The results are discussed below.
IV. RESULTS AND DISCUSSION
The goal of this work was to demarcate the stability regions of the thin-shell formed by gluing the Schwarzschild black hole with f (R)-gravity wormholes derived by MH. The remarkable feature of analytical MH wormholes is that they do not require elusive exotic matter but unfortunately are unstable. A limited stability ("graceful exit") can however be explored within the GLV formalism, which is robust providing an excellent way to tackle wider classes of thin-shell wormholes surgically born out of two static spherically symmetric spacetimes. The present study yields possible parameter ranges of the participating solutions (Schwarzschild -MH) for which stability in some sense can be achieved. Earlier, stability of thin-shell from Schwarzschild-Schwarzschild gluing using the approach of a potential was studied before by Poisson and Visser [43] . The stability constraints on the classes of thin-shells investigated here have relevance for their very existence, since stable analytic wormholes are rather scarce. The study of the properties ), y ∈ (2, √ 6) and for Case 2 [Sec. 3(b) ], the relevant area is x ∈ (0,
), y ∈ ( √ 6, ∞). The "force" constraint implies that the shaded area is the stable zone. of light rings on either side of the shell would be interesting as a future task in connection with their characteristic ring-down modes [3] [4] [5] [6] .
The thin-shell examples considered above are interesting in their own right since by construction the exterior has a Schwarzschild vaccum (M = 0). Physically, this thin-shell configuration resembles a gravastar having an interior f (R)-MH spacetime but the exterior vacuum is indistinguishable from the Schwarzschild black hole. The stability of the thin-shell is dictated by two constraints, one is "mass" constraint symbolized by an explicit inequality involving the second derivative of the mass of the throat, m ′′ s (a 0 ) and the other is a external "force" constraint through the inequalities on [4π Ξ(a) a]
′′ depending on the signs of Φ ′ ± (a 0 ). Note that the "mass" constraint (19) does not involve Φ ± and its derivatives, while the "force" constraint (20 and its reverse) exists due to Φ ± = 0. The latter constraint is a new discovery of GLV. Using these two constraints, we had demarcated the zones of stability in the parameter space.
The analyses in this paper bring out some important characteristics of Schwarzschild-MH thin-shell wormholes.
Even though the two independent MH wormholes have different metrics, the stability picture of thin-shells under discussion is remarkably similar. Especially, the contour for f (x, y) is the same for both thin-shells since b ± are the same for both MH solutions, only the Φ ± are different. The variables for the contour plots are chosen as x = M a0 , y = r0 M , where x ∈ (0, 1 2 ), y ∈ (2, ∞), the ranges being dictated by the requirement that the gluing radius a 0 > 2M and that the wormhole throat r 0 > 2M . The reality requirements of the functions f (x, y), g 1 (x, y) and g 2 (x, y) yield parameter ranges x < 1 2 and y < 1 x . It is clear that as x increases from 0 to 1 2 , the gluing radius a 0 shrinks from ∞ to 2M . Similarly, when y increases indefinitely from 2, the wormhole throat radius r 0 increases from 2M to ∞.
The following are our new results. The shaded regions in the 2D contour plots represent the "topography" of the surfaces f (x, y), g 1 (x, y) and g 2 (x, y). The higher values on the surfaces are marked by layers of lighter regions. The zones of stability depend on the Cases discussed in Sec.3. The "mass" constraint however does not involve such Cases as it does not involve Φ. Now consider (a) of Sec.3 analyzing Schwarzschild-MH1 thin-shell. The contour plot of the function f (x, y) is given in Fig.1 for the parameter values x ∈ (0, 1 2 ) and y ∈ (2, ∞). The condition (26) then implies that the shaded region in Fig.1 is the zone of stability. The same conclusion holds for (b) too, i.e., for Schwarzschild-MH2 thin-shell.
The contour plot of the surface g 1 (x, y) is given in Fig.2 , where the "force" constraint is divided also into two cases as pointed out in Sec.3(a). For Case 1, the area is demarcated by x ∈ ( 1 4 , 1 2 ), y ∈ (2, 4) and for Case 2, area is defined by x ∈ (0, 1 4 ), y ∈ (4, ∞). (Note that the lines inside plots make boundaries of points of same heights and not the boundaries of the areas mentioned here). In either case, the shaded region in Fig.2 indicates the stabilty zone purely due to "force" constraint. The contour plot of the surface g 2 (x, y) is given in Fig.4 and again there occurs two Cases of inequalities as pointed out in Sec.3(b). Qualitatively, the stability picture is similar. For Case 1, the area is demarcated by x ∈ (
2 ), y ∈ (2, √ 6) and for Case 2, area is x ∈ (0,
), y ∈ ( √ 6, ∞) implying that the shaded area in Fig.4 is the stable zone. However, the individual constraints do not completely describe the zones of stability.
The complete stability zone should be determined by the combined application of "mass" and "force" constraints. In this case, the stability zone is restricted to parameter values (x, y) on the left of the curves obtained by the intersections f (x, y) ∩ g 1 (x, y) (Fig.3) and f (x, y) ∩ g 2 (x, y) (Fig.5) respectively. The interesting result that follows from it is that Schwarzschild-MH2 thin-shell has a larger stability zone (Fig.5) than that of Schwarzschild-MH1 (Fig.3) . The intriguing result that emerges is that the thin-shell motion is stable for x < 0.1 (Fig.3 ) and for x < 0.2 (Fig.5) , i.e., when the gluing radius a 0 is rather far away from the horizon a 0 = 2M or x = 1 2 . It can be verified that all the above stability zones can be read off from the 3D plots as well. Such a complete stability picture is possible essentially due to the effect of the "external force" constraint, a new discovery by GLV.
